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Ref. [1] raises the question of whether the equations
for the electronic and nuclear wavefunctions derived in
Ref. [2] preserve the norms of these wavefunctions, and
provides a proof that the equations do in fact preserve
the norms. There is another way to see that the norms
are preserved by the time evolution, which was indi-
cated in the original earlier work Ref. [3], although it
was not fleshed out in Ref. [2]. In this earlierworkwhere
the exact factorization was first presented, the deriva-
tion of the equations is outlined in the following state-
ment: ”We require the action to be stationary with re-
spect to variations in ΦR(r, t) and χ(R, t) subject to the
condition (5).” where condition (5) is the partial nor-
malization condition (PNC) of Ref. [3], and the action
is the Frenkel action S[Ψ,Ψ∗] =
∫ tf
ti
dt〈Ψ|Hˆ − i∂t|Ψ〉,
with Hˆ the Hamiltonian of the full molecular system.
A common practise in variational methods is to enforce
such conditions via the method of Lagrangemultipliers.
Ref. [2] provides the details of the stationarizing proce-
dure, but the derivation appears to neglect the term that
enforces the normalization constraint. In fact, the La-
grange multiplier turns out to be zero as we shall show
below explicitly.
One adds a term with Lagrange multiplier µ(Rσ, t)
to the action of Eq. (37) in Ref. [2], to enforce the PNC,
defining
S˜[ΦRσ,Φ
∗
Rσ, χ, χ
∗] = S[ΦRσ,Φ
∗
Rσ, χ, χ
∗]
+
∑
σ
∫
dRµ(R σ, t)
∑
s
∫
dr|ΦRσ(rs, t)|
2, (1)
and performs the variations of S˜[ΦRσ,Φ
∗
Rσ
, χ, χ∗] with
respect to the electronic and nuclear wavefunctions. Re-
quiring 0 = δS˜/δχ∗ yields
〈
ΦR σ
∣∣∣ Hˆnewe − i∂t ∣∣∣ΦR σ〉χ+
[∑
α
1
Mα
(−i∇αχ/χ) ·Aα
]
χ = −〈ΦRσ|ΦRσ〉
[∑
α
−∇2α
2Mα
+ Vˆ next − i∂t
]
χ (2)
while requiring 0 = δS˜/δΦ∗
Rσ
yields
(
Hˆnewe − i∂t + µ/|χ|
2
)
ΦR σ +
∑
α
1
Mα
(−i∇αχ/χ) · (−i∇αΦR σ) = −
(
∑
α
−∇
2
α
2Mα
+ Vˆ next − i∂t)χ
χ
· ΦR σ (3)
where Hˆnewe ≡ HˆBO + Vˆ
e
ext +
∑
α
−∇
2
α
2Mα
and the notation follows that of Ref. [2]. Replacing the right-hand-side of
Eq. (3) by the LHS of Eq. (2), multiplied by ΦRσ/
(
〈ΦRσ|ΦRσ〉 · χ
)
we arrive at:
[(
Hˆnewe − i∂t +
µ
|χ|2
)
ΦR σ +
∑
α
1
Mα
(−i∇αχ/χ) · (−i∇αΦR σ)
]
=
[〈
ΦR σ
∣∣∣ Hˆnewe − i∂t ∣∣∣ΦR σ〉+∑α 1Mα (−i∇αχ/χ) ·Aα
]
ΦR σ
〈ΦRσ|ΦRσ〉
(4)
At first sight the procedure appears to add a term
µ(Rσ, t) to the resulting electronic Hamiltonian. How-
ever, multiplying Eq. (4) by Φ∗
Rσ
(rs, t) and integrating
over rs, readily determines the value of the Lagrange
multiplier: µ(Rσ, t) = 0.
Eq. (4) was derived using the method of Lagrange
Multipliers to enforce the PNC: it therefore preserves the
norm, and so starting with a state ΦRσ(0) that has unit
norm 〈ΦRσ(0)|ΦRσ(0)〉rs = 1 means that it will evolve
with unit norm 〈ΦRσ(t)|ΦRσ(t)〉rs = 1. Since µ(Rσ, t) =
0, Eq. 4 then reduces to the electronic equation (28) of
Ref. [2]. There is also no change in the nuclear equation.
Hence, performing the variation of the action under the
partial normalization constraint yields no change to any
of the equations or statements in Ref. [2]. Including or
not including the partial normalization condition as La-
grangian constraint in the variation of the action func-
tional makes no difference in the resulting equations of
motion because the Lagrangian multiplier µ(Rσ, t) van-
ishes identically.
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